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THE EQUATIONS OF A MAGNETOHYDRODYNAMIC ALTERNATING-CURRENT GENERATCR
HAVING A ROTATING MAGNETIC FIELD
Ye. I. Yantovskly
(Kharkov)

In a number of articles [1 through 4] on the working of magneto-
hydrodynamic (MHD) generators, the lay out of a high-power (on the
order of hundreds of megawatts) conduction [5] a. ¢. generator is
presented, and the results of experiments on models with power up
to 205 kw are given [2].

There 18 also a suggestion on the use of a conduction generator
with a power of 10 million kw in combination with a gaseous nuclear
reactor [6].

In these generators it 1s difficult to ensure sufficient electrode
life (especially in an oxildizing atmosphere) and it is impossible to
obtain voltages in excess of several thousand volts.

The conversion of direct current into alternating in order to
increase the voltage to hundreds of thousands of volts considerably
complicates the entire system and lowers the advantages obtalnable
by direct conversion.

Therefore the main direction of the development of power-station

engineering is to us the direct conversion of energy from gas flow
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into electrical energy in the form of alternating current in an
electrodeless MHD generator with a rotating magnetic field. Alter-
nating current from this generator can have a very high voltage,
which makes 1t possible to dispense with step-up transformers. The
power orlthe generator 1s not limited by structure, is determined
only by the delivery of the working body, and can be tens of millions
of klilowatts per unit.

The schematics of generators having a recitillinearly traveling
field and a radlally traveling fleld in accordance with the direction
of the gas flow have also been examined [7 and 8], however, of most
interest are layouts with a rotating magnetic fleld and a channel
with a circular cross sectlon.

L. A. Simonov turned our attention to the possibillity of creating
vortex gas flows at supersonic speeds in blade-guide apparatus, with
the aim of using them in generators with a rotating field.

Aside from asynchronous generators, which contain no rotating
parts, generators with a rotating roto® or magnetic turbines are also
of technical 1nterest. Their theory, concerning gas flow, 1is 1in no
way different from the theory of asynchronous generators.

The following symbols are used in the article:

A--mechanical equivalent of thermal energy,

b--length of the fl ow reglon before the magnetic circult,

c--length of the flow reglon after the magnetlc circult,

Gp--thermal capaclty at constant pressure,

D=~fluid diffusion of energy,

E~-~electrical fileld,

e--charge of an electron,

F--magnetizing force forming the external magnetic fileld,
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fg--force of viscosity applied to a unit volume.

G--gas (liquid) flow rate per unit of width of the channel (along
circumference) ,

H--strength of external magnetic fleld,

E--effective magnetic field (total),

h--strength of natural magnetic fleld,

l--enthalpy,

I-~=current internal electric circult,

J--mechanical equlvalent of electrical energy.

J=-current density in the gas (1liquid),

lc'Cp/Cv--index of adiabatic line,

l--length of magnetlic circuit forming the walls of channel,

ne--electron density,

P-~power,

p--pressure,

Q--heat liberation per unit volume per unit time,

q-~specific heat flow to the wall,

r-~radius of channel in transverse cross sectlon,

s-~slippage of conducting medium relative to the external magnetic
field,

T--true temperature of conducting medium,

t--time,

U--phase voltage of external circuit,

V--rate of motion of conducting medium,

Vg = w/e~-turning rate of external magnetic fleld,

w-=number of turns,

X, ¥y, 2, r, 9 -=s3pace coordinates,

a =%/r --wave numher of the external magnetic fileld,
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$ ~-the distance between the walls of the channel (magnitude of
the gap) --dimension of flow in direction,

{ —=coefficient of surface friction,

s --efficiency,

A --thermal conductivity of conducting medium

¥ --permeabllity,

P ==density of conducting medium,

¢ --specific electrical conductivity of the conducting medium,

¢ o--electrical conductivity 1in the absence of a magnetic fleld,

T--pole separation, one~-half of the space period of the magnetic
fleld,

T.--stress of surface friction,

¢~-~phase shift angle between voltage and current 1n external
circult,

V--phase shift angle between natural and external magnetic flelds

w=-angular frequency of the external fileld.

Subscripts: 1--initial value; 2--final value; 3--active
component; r--reactive component; m--maximum (amplitudinal)
value; x, y, 2z, r, ¢ ~-components along the coordinate axes;
O-~decelerated parameters.

Setting up the problem. The flow scheme 1s shown in Fig. 1 An

electrically conductive medium (gas) flows into a channel with a cir-
cular cross section whose walls have infinite permeability, In the
electrically non-conductive walls of the channel are mounted leads

with three-phase alternating current.

The rotating magnetic field of this current has a turning rate

which differs from the initial velocity of gas. Depending upon the

l



silgn of the difference between them, either deceleration or acceler-
ation of the gas flow takes place owing to the interaction of the
currents in the gas with the magnetic fleld, that 1s, the separation

of energy from the gas flow or connection of the energy to it (asyn-

chronous MHD generator or motor) .

Fig. 1.

The rotating magnetlic field may be created also by a rotating
magnetizing rotor with direct-current electromagnets or permanent
magnets. In both cases of the creation of an external rotating fileld,
it distribution remains the same and the stationary flow of the gas
is not a functlon of the methods of creating the external fileld.

With a rotating rotor the energy of the gas flow 1s transformed into
electrical energy i1f the magnetic circuit--stator--has leads con-
nected to a circult (synchronous MHD generator) or into mechanical
energy of the turning of a rotor (magnetic turbine).

These considerations pertain to an asynchronous MHD generator,
but may easlly be applled to rotating machines.

The effects shown in Fig. 1 in cross section s, z correspond to
an ordinary alternating-current electric machine. These same effects,

shown in Fig. 1 in the cross section y, z, may be treated as the work-
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ing process of an active turbine.

From the point of view of the theory of the usual electric ap-
paratus, a MHD generator with a rotating field may be treated as the
limit of an infinitely large number of infinitely short ordinary gener-
ators distributed on a single axls, each of which has its rotor veloc-
ity, momentum and slippage at an over-all magnetizing current for each
and the same velocity of the rotating field.

Similarly, in the usual asynchronous machine the rotor speed 1s
determined by dynamics equations, and in the individual case of steady-
state motion it 1s determined by the equality of the momentum and
moment of drag. The stationary operating conditions of magnetohydro-
dynamic apparatus are determined by hydrodyhamic equations.

Although the effects occurring in each transverse cross section
of MHD apparatus do not differ from those in the usual electrical
aﬁparatus, during transition from one cross sectlion to another the
ability of the "rotor" to change its shape and volume manifests it-
self, and this uncovers possibilities of uniting gas and electrical
machine into a single unit.

The flow scheme 1n Fig. 1 may be examined also from the point of
view of ordinary turbines as the streamlining of blading made up of
"magnetic blades." At its input and output it is possible to set up
the usual triangles of velocitles for turbines (Fig. 1, cross section
X, ¥).

A decrease in the peripheral velocity of the flow while passing
through the region of the rotating field corresponds to the usual
active turbine.

In the first, very rough approximation a representation of the
magnetic flux lines has been put forth by Ustimenko and myself earlier
(9l.
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In the present setting up of the problem, let us assume that
clearance 1s considerably less than the length of the magnetic circuit
and the pole separation, and the dlspersion of the magnetic field can
be 1gnored.

Inltlal equations. Let us use the general equations of an elec-

tromagnetic field and hydrohynamics in the MKSA system.
Maxwellt!s equations

ourl H=j (1)
wzlj:pa(ddeH—%g) (2)

In Equation (2) Ohm!s law was used for the isotropic conducting

medium
j =0o(E+V x uH)

(%)

The assumptlion about the 1sotropy of the medium i1s made for
simplicity, but in reality the tensor nature of ¢ may fully manifest
itself. The characteristic parameter determining this effect 1s the
product of the Larmor electron frequency and the average time between
the collision of an electron with neutrals and ions

o
o= e

i (5)

1s not always small in comparison with unity, therefore, conductivity
across the fleld

0 = -———G”
5. 14 (w,T,.)?

(6)
may be lower than that indicated earlier in the graphs of ‘¢ In a

mixture of 1% potash with ailr at a pressure of 1 atm (tech.), T =
= 2000°K, » H = 10000 gs.

1 - = 0.
00 = &m. (D.T. 08



The continuity equation

dp .

5 T div(eV) =0 (7)
The momentum equation

a
P +0(VO) V= — Vp + JjxuH + 1,

(8)
Here Jy x u H 1s the electrical space force ( ESF) .
The energy equation [10]
diy _ Op 2

Here J%/a-is the Joule effect per unit volume, and V « (J x sH)
1s the power of the ESF.

The equation of the state of an ldeal gas, correct at a low degree
of dissociation and ionization, 1s

p=pRT (10)

The essentlal factor affecting the nature of the flow 1s the
function ¢ (p, T).

Heated gases with admixtures of alkall metals are used as the
working bodies in MHD machines. The calculated dependences co(p, T)
are shown in Flg. 2 for several mixtures.

The degree of ionization of the admixtures was determined by the
Saha formula, and the electrical conductivity ¢y as the average of
values obtalned by formulas for weakly and strongly ionized gases
(1.e., for weakly ionized gases in a negligible cross section of
collision with lons and for strongly ionized gases in a negligible
cross section with neutrals [11]).

Because of the insufficlently known collision cross sections of

low-energy electrons (~ 0.2 electron volts) with neutrals and a cer-

-8-
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tain principal indeterminancy of the theory, ¢ cannot be calculated
with high accuracy.

The existing meager experimenal data pertalning to 5 in general
supports that shown in the graphs.

Regarding the complexity of the formula ¢(p, T), solutions of
equations taking this dependence into account are advantageously
carried out numerically on computers, taking the additional terms in
(2) into account.

In analytic investigations 1t 1s assumed that ¢ = const, which
1s fully permissible in the temperature range where total lonization
of the admixtures 1s attained, but 1s only a rough approximation at
lower temperatures.

The basis system of equations of a MHD machine with a rotating

fleld. Let us transform the system of inltial equations.

Inasmuch as 0«10, 8<Cr , 1t may be assumed that the magnetic
field in the channel has only a z-component and a veloclty component
Vé = 0, the curvature may be ignored and the problem examined as be-
ing in the plane x, y.

Let us assume that along z all equations are averaged, i.e., any
value a 1s 1ts average value (UMfadz and in the equations ¢/0: = 0.

It should be noted that in tﬂ; boundary layer, where there exist
high veloclty gradlents 4,/ and &,/ 90z, , the products which will be
encountered in the future H.,V,/d: and H,9V,/ 6zmay not be small, although
they drop out 1n this averaging with respect to z. 1In the ldentity

owrd (VxH) = (HV) V- (VO)H + VW.H - §v.V
on the strength of (3) and 9/6:=0 1n our case only the second term
(convective derivative of H) and the fourth term remain, hence for a

plane problem we have from (2)



9j 0, oH V.H, &V H,
== — v+ 0+ 2T (11)
oH,
Jx = n
o (12)
The induction equation takes the form
#H, OoH, aH, V.H, oHV,
=t =+ o+ =) (14)

Following the generally accepted representation [12], let us

assume that
H,=H-+h

(15)

where .
H = Heiwt—ax) = pf_oi(wi—az) (16)
Here H 1s the external fleld and h the fleld of the currents in
the gas.

Since the field H is created by currents outside the channel,

eurl H =0 (17)
and Equation (1) takes the form

ourla = (1)
Since it 1s assumed that only the z-components of the magnetic
field are present, Expression (16) does not satisfy Equation (17).
In fact, there are the components H, and Hy, but they are small due
to the smallness of the gap § .
A determination of the magnitude of Hx may be made from the equa-
tion of the y-component curl H

oH, oM, _

r I T (18)

Taking H, as the scale of the z-component of the field, and the
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scale length as one half of the pole separation, where the field in-
creases from O to Hp, and the magnitude of the gap as the scale along

Z, We obtain

Al ~Hau2d /%
(19)

since § &« r, 1t happens that A Hy « Hy,.

Since 1t was aessumed that walls of the channel have infinlte
permeability (in actuality, greater by 2 to 3 orders of magnitude
than in a vacuum), the walls of the channel are surfaces of an even
magnetic potential and, therefore, Hx = 0 on the walls. Hence 1t 1is
apparent that there can be no essential value of the component of the
external fleld Hy in the channel.

Since % << 1, the same is true of the y-components. This evalua-

tion 1s made similarly 1n cylindrical coordinates

(20)

Since 3 &« r, H  has an order of (24t )H,.

These evaluations show with what accuracy one may assume the
absence of the two components of the external field. (The distribu-
tion of the magnetic fileld in the gap at an arbitrary relationship
between 3 and r has been examined in detall by Blake [13].)

The external field H has the form of a traveling wave, therefore,
the currents 1n the gas and their magnetic field h also have the form
of a wave of the same frequency as the external field, but with a dif-

ferent initial phase
h= he((ol-l:) = h...e' (wl—ax4y)

(21)
-11-



Substituting (16) and (21) into (14), we obtain the final form of
the induction equation of our problem
%—(a’+ipcms)h—pcdiy(lwv)=p,a[imsH+diy(!'IV,,)]
(22)
(The term H.(8V./3z Was omitted in connection with the consequent
determination with respect to x.)
The slippage

o—aV,
o

S =

(23)
i1s a varliable which 18 a function of the peripheral veloclty of the
gas flow.

From a comparison of Equation (22) with Equation (2) in volldex’s
work [14], the fundamental difference between this problem and the
theory of ordinary electrical apparatus with a massive rotor or the
theory of induction pumps in apparent. In ordinary machines, the
medium moving in a traveling fleld has a velocity which 1s the same
at all points and, therefore, s = coﬁst.

In our case s 1s a variable which must be determined using hydro-
dynamics equations.

In addition, in our case the component of the veloclty V& acts,
but 1s absent in the usual machines,

At 8 = const and V& = 0, Equation (22) coilncides with Vol'dek's
[14].

Equation (22) 1inks complex values and 1s essentlally two equations,
which determine the modulus and argument of the complex amplitude of
the natural fleld or 1t real and imaginary part.

The equations of the hydrodynamics of plane flow has the form

9 | Ve 1 VD)
Wt Tr 5 =0
ot [-2] (2u)

-12=



v , oV v, ,
p.?‘_’.‘+p¥,-5;f+pV,3y—"-=J1ysz—%+ fox
oV av ov. (25)
p g+ Ve gt o ¥y et m JjuiHe— 3 4y, (26)
o Py o
P(‘,;T°+V:~3lf+vv'a—:') =

(27)
Since averaging 1s carried out with respect to z, the forces of

viscosity may be written through the coefficient of surface friction
§ == 2,/ pV?

oValV]

fe—t B, gy -l

(28)
Since Vz = 0, the equation of the z-component of the momentum
is transformed into an equation of the equilibrium between the pres-
sure gradient, centrifugal force and the component of the ESF
% w4 I (i, — H) (29)
This equation drops out of the system but it may impose limits on
the averaging with respect to z since a change 1n pressure with respect
to z leads to a change in gas density and electrical conductivity.
In order to describe stationary flow in a channel with a circular
cross section let us average the values with respect to x and t.
Since the gap 1s a smooth function of y and not of x, all values in
Equations (24) through (27) can be functions of x and t only owing
to the tact that the external field depends upon thelr arguments,
Therefore the dependence of all values upon x and t will be periodic
and the average value of the derivatives with respect to x and t
must equal zero.
In this 1t 1s assumed that the average product equals the product

of the averaged cofactors.



The average value of the x-component of the ESF has the form

J],,p. (H + £) dtdz = - JuaHuhm sin

2rn
@
£LS
2
[}

Oc/‘ah’

(30)

The current density = lah, and after averaging the product

Jy
Jyh gives zero, since multiplication by i means a phase shift of
x/2 and the cofactors become orthogonal functions. Hence it is ap~-
parent that the natural fleld does not contribute to the average
x-component of the ESF.

The average y-component of the ESF has the form

613

e~ ¢
S0

Y _1 dhm _
— ol 8in ¥ 53 (31)

The averaged hydrodynamic equations have the form

w, W= (32)
’ dp "p '1 d’l 1 m
,‘1 i (I —_= T’[(I’,n‘%‘hr) +’l J____gp ] ‘:_ ‘-V“
J d'l 2 d a dy e
8 (33)
, di, 1 py“ ¢ : + y:
pl "77 =——-JpaH,,‘h,, —_— c____.. 3 - (34)

Lt (e, r 4L +V~)=._.'—’[ (2 +n2 )+( g +('”' )2]

_.115{41,1/,,,/,;, -+ Vut(”""f"‘r)d o Z] _7,_ (Q )

Y

(35)

Here (32) is the generally accepted form of an approximate nota-
tion of the continulty equation for long and smoothly defined channels.
The items in the third term of the right-hand part of (35) heat
liberation and heat exchange--are determined by equations of chemical

or nuclear kinetlcs and the theory of heat transfer, They may be
assumed constant in the first approximation,

The work of the friction forces does not change the over-all
enthalpy and therefore drops out of the equation of energy averaged

=14~



with respect to z.

The external field 1s connected with the magnetizing current by
the relationship

HO = F = Ju
(36)

This expression follows from the law of total current at infinite
permeability of the channel walls. Since the magnhetizing current
does not vary along the magnetic circuit, F 1s not a functlon of y.

In an external electrical curcult with constant voltage with re-
spect to amplitude, the separation of energy manifests itself in the
appearance of an active current I,. The active current shifts 1in
phase relative to the magnetizing reactive current

1, =1I,00tg
The boundary conditions of the problem are:

1At y=—b, y==ldc jy= k=0 (37)
2) ¢ y=—0t V=Vio pop T=1 (38)
Equations (22) and (36) require special consideration in the

reglons -b <y <0Oandl >y >1+ ¢, 1l.e., 1in the regions of the so-
called *frontal pa.rts" of the rotor, there where there are no magnetic-
circuit walls of the channel and H = 0, In these regions the currents
in the gas create considerably weaker magnetic flields than in the re-~
tion 0 <y < 1, 1.e., between the magnetic-circult walls, where a
larger part of the length of a closed magnetic line of force passes
in the wall, without reluctance. Therefore, one may speak about an
increased reluctance and some equivalenft decreased permeabllity ¥ equ’
which replaces p in the induction equation.

In one limited case in order to find the currents in the "frontal

parts’it may be assumed that = O in Equation (22). Then, to deter-
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mine the currents the Laplace formula i1s obtained, which describes
the currents in a noninductive medium which has only resistance (ohmic).

In another limited case, holding as at 0 y 1, it may be

equ
assumed that the channel has magnetic-cgrcuit walls in the frontal
parts, but H = 0O,

Henceforth, in defining the problem more accurately, 1t will be
advantageous to examlne the dlstrlbution of the flield in the plane x,
¥y, to seek the “coefficient of decrease” in 4, and to obtain a solu-
tions of equations at the boundaries of the regions, i.e., at y = 0O
and y = 1, must be combined from the condition of continulty of the
currents.

Equations (22), (23), (32) through (36) and (10) make up the
fundamental system of equations of a MHD machine with a rotating
field, operating as a generator (¥ > x/2) or as a motor (¥ < #/2).

In the system there are 9 equations (Equation (22) 1s 2 scalar equa-
tions since h = hr + 1hg, ha = hy, sin ¢) and 10 unknowns
hay, hey s, H=Hm, Ve, Vy, p,p, T, &

Still another equation may be included in the system, one which
expressed an additional condition imposed on the flow, for example,
d=3 (y) (in an individual case & = const), T = const, V& = const,
ete.

The system can be reduced to a single resolving equation of the
seventh order, for which seven boundary and initial conditions follow
from (37) and (38).

As a result of the solutions of the equations of the system, the
unknown functions h(y) and Hm(y) are obtained. Through them all char-
acterlstics of the machine are expressed in full.

The power factor cos ¢ is determined by

-16-



t
S h,ey
L—_ L]
eod ? = 1
S(Hm+hf)dy
0

The actlive power 1s
p,=3Ulcosq

where Hm is connected with the phase voltage of the clrcult

U= —,2; p.‘rmwl/ [}‘)(Hm+lz,)dyl'+(:{h.dy)’

The minimum magnetizing current i 1s determined by a given phase
voltage U and the impedance of the stator winding in the absence of
1iquid or gas flow (dry run).

An evaluation of the quality of a MHD machine, as a converter of
energy (not treating the thermodynamic cycle in full), can be easily
made using the followlng three ratlos:

1) stator efficiency

P, — Py
nst_ Pa

where !: 18 the sum of losses in the stator (power consumption) to
magnetic polarity reversal and Joule effect. This efficiency 1s no
way different from the usual for electric machines.

2) Turbine, or adiabatic, efficiency

P,
N = =1

ane 0k mral1—(22) " ]

is the ratio of generated active powerAto the 1sentropic work of

widening in the pressure interval used to obtain the active power P,.

3) The share of converted energy (in the absence of heat libera-

tion

ey ZniCia

FTD-TT-62-90-1+2+4 -17-



The flow of an incompressible fluid. In order to investigate

the fundamental, determining effect--the connection between the in-
duction equation and the dynamics equation, i1.e., the connection
between the natural fleld and velocity distribution--it 1s advantageous
to examine a more simple case, that of the flow of an incompressible
fluid.

Apart from the separate practlcal interest connected with applica-
tions to liquid-metal and electrolyte flows, this solution also gives
a representation of the qualitative flow pattern of a compressible
fluid (gas) at subsonic speeds.

For simplicity let us ignore frictlon and let § = const. Under
these conditions the energy equation drops out of the system, V_ =

y
= const, and the system takes form
ds
- = kil hy sin
. dy = llnln v (39)
@ = (O + ihas) b — by S = ik Hs (40)
k = _%.J’!’%:' ka == pnow, ky = pOV,,
(41)

Bearing in mind that h = h, + ihy, where hy = h sin ¥, we ob-

taln simple equations whose left-hand members are linear and constant

coefficlents
d*h, dh, _ ky dst
W hy T sy (42)
Bs g & 2d L H 35 = kikaHosh
P sa ™ % Gy igllm 1R ImSA, (‘43)

Having determined h, from (43) and substituted it into (42), a
single resolving equation of the fifth order may be obtained for find-
ing 8, which immedlately glves the veloclity distribution Vk(y) and
the form of the current line of the fluid.

The author thanks I. M. Tolmach, A. I. Bertinev and A. I, Vol dek
for valuable comments in discussing the work.

Submitted July 27, 1961
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